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SUMMARY 
For every t there is an explicitly given number k0 such that the equation 
lk+2k+ --. +(x--  1)k=x k
has no integer solutions x_  2 for all k>_k o for which the denominator f the kth Bernoulli number 
B k has at most t distinct prime factors. 
1. INTRODUCTION 
In this paper we deal with the following conjecture of P. Erd6s (see [6] or 
[71 p. 81, cf. [31 p. 95). 
CONJECTURE. The equation 
(1.1) lX+2k+ ... +(X--1)k=x k 
has no integral solutions x, k_>2. 
L. Moser [6] proved that equation (1.1) has no natural solutions x, k> 2 with 
odd k (see § 4). Moreover he proved that this equation has no solutions with 
(I .2) x< 101°~. 
Let k be an even natural number and let B k denote the kth Bernoulli 
number. Set iBkl =SjZ~ where Sk, Tk are relatively prime natural numbers. 
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I hen, oy the von ~tauat -uausen  meorem we nave 
Tk=I IP ,  
p~lk 
where Ik = {p : p pr ime,  p -  ltk }. Put tk = # Ik, n = k + 1 and 
Pn (x) = B n (x) - B ,  - nx n - 1 
where Bn(x) denotes the nth Bernoulli polynomial .  Since 
1 
l k+2k+ ... +(X-  1) k = -  [Bk+l(X)--Bk+l],  
k+l  
we can rewrite (1.1) in the form 
(1.3) P , (x )=0 with x>2,  n odd. 
Let A e {1,2}, Be  { -  1,1}. Set a=0 i f  (14, B )=(1 ,  - I), a=2 if (A, B)=(2 ,  1) 
and a = 1 otherwise. Put b = 1 if (A, B) = (1, - 1), b = 2 if (A, B) = (1, 1) and b = 0 
otherwise. It is proved in [6] that if (1.3) holds then 
(1.4) Ax+B=2 b 1-[ p fo rsomeI=I (A ,B)C- Ik \{2}  
pEl 
and for p ~ I 
Ax+B 
(1.5) - - - - -  2 a (modp) .  
P 
It is easy to see that 
(1.6) P , (x )<0 if X<21/k/(2 l / k -  1)= : C k 
(see [4]). We shall use the last three facts. For comparison we note that in [1] 
it is proved that Pn(x)>O if x>Ck+ 1. 
2. SOME PREL IMINARY REMARKS 
Suppose (1.3) holds and k= n - t .  Put 
X= 11 (Ax  + B). 
(A, B) 
It is shown in [6] that 
p -1<3.16< ~ p - i  
p_< 10 7 plX 
This yields the following result. 
PnOPOSITION 1. I f  k>_2 is a natural number  such that t~_<n(107) then 
equation (1.1) has no natural solut ions x>_ 2. 
We note that 7r(107)=664 579 (cf. [7] p. 136). 
In order to derive a similar result for Tk, we first prove a lemma. 
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LEMMA 1. Let k>_2 be a natural number such that (1.1) has a natural 
solution x. Then 
Tk>_-ffl(X2 -- 1)(4X 2 -- 1). 
PROOF. By (1.4) we have x=3 (mod 8). Hence ord 2 ( (x -1) (x+l ) )=3.  
Further gcd (x -  1,x+ I )=2, gcd (x -  1,2x+ 1)xgcd (x+ 1,2x- 1)]3 and all 
other pairs are relatively prime. It now follows from (1.4) that 
Tk= I-[ P>- ~(x -  1)(x+ 1)(2x- 1)(2x+ 1). 
pc lk 
Using the bound (1.2) in Moser's result we obtain 
PROPOSITION 2. I f  k>_2 is a natural number such that 
Tk<_ ~(C 2-  1)(4C 2-  1) where C= 10 I°', 
then equation (1.1) has no natural solutions x>_2. 
We note that for any even number kl there are infinitely many k such that 
T k = Tx. Namely, let q be the greatest square-free divisor of the number 
II (t+ 1). 
t ik l  
I even 
Let k=k~p~,...p~,, where pl ..... p,,, are distinct prime numbers each = 1 
(mod q) and 41 .... , am are natural numbers. Then T x = Tk. 
3. THE MAIN  RESULTS 
THEOREM 1. Let T>_ 1 be a natural number. Set 
i 5+ l/if-+ 192T ~,(T) = 8 
Then equation (1.1) has no natural solutions x>_ 2 for all k such that 
k_> ( l°g2 I / /~  1)'~(Tk) -1 
PROOF. Suppose k_>2 is a natural number such that (1.1) has a natural 
solution x. Then, by Lemma 1 and (1.6), 
Tk> ~1 (x 2_ 1)(4X 2-  1)> ~ ( C2-k 1)( 4C2 - 1). 
Hence Ck<q.'(Tk). Since Ck=21/k/(2 l /k -  1), the result follows. [] 
We shall prove a similar result with respect o the number of prime factors 
of T k. 
THEOREM 2. Let t>_2 be a natural number. Set 
[t/N4] .2 i- t 
~( t ) -  3 42['/41 ].1 l . 
- -T  
i=1 
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7hen equation (1.1) has no natural solutions x>_2 Jor all k such that 
k_> (log2 ~0(-~k)- _~°(t  1)-~ 
PROOF. Suppose k>__2 is a natural number such that (1.1) has a natural solu- 
t ion x. Then k is even. Denote by t(A, B) the number o f  distinct odd prime 
factors of  Ax+B.  Then, by the remark at the beginning of  the proof  of  
Lemma 1, 
S, t(A, B) <_ t k. 
(A, B) 
Hence 
(3.1) u: =t(A,B)<_[f-~] 
for some (A, B). 
I f  u = 0, then, by (1.4), 
x<_Ax + B+ 1 <<_5, 
which is in contradiction with Moser's bound (1.2). I f  u = 1, then, by (1.4) and 
(1.5), there exists an odd prime p such that 
Ax+B 
- -  - 2 b = - 2 a (mod p). 
P 
Hence, p<8 and x<Ax+B+ 1 <2bp+ 1 <33,  again a contradiction. We can 
therefore assume that u >_ 2. Write 
(3.2) Ax + B= 2bpl ""Pu 
where p~, ..., Pu are prime numbers with 2 <Pl  < "'" <Pu. For s_< i_< u, put 
Ps'"Pi '"Pu = 1-I Pj. 
S<<_j<_u 
jq=i 
In particular, the product is one if s= u. We derive from (3.2) and (1.5) for 
1 ___ s < u that 
(3.3) Ps'"P~12bpl ""Ps-1 ~ Ps'"lSi'"Pu + 2 a. 
i=1 
Note that 2a< 5 <Pu. It follows that 
2 a 
Ps<2bpl ...ps_1(u--s+ 1)+ <4(u - s+ 1)p 1 ...p~_ 1 + 1 
Ps + 1 ""Pu 
for 1 _ s < u. Hence 
(3.4) Ps<4(u-s+l )p l . . .Ps_ l . . . for  l<s<u.  
Furthermore, by (3.3) and the fact that a and b are not both 2, 
(3.5) ] pu<2bpl '"p~_l+ 2a<--4pl ""Pu-1 +2-----5pl ""Pu-1. 
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It is easy to derive from (3.4) and (3.5) by induction on s that 
S-1  
2 s /)max (2 s - i - z ,  1) 
Ps<--2 II (u -  
i=0  
for 1 _< s < u and that 
u-1  
Pu-<¼ 22" H (t./-i) max(2''-'-~'l) 
i=0  
Hence, by (3.2) 
u-i 
Ax+B<5 22"+' I~ (u_ i )2  ''-i L 
i=0  
5 2 2''+1 11 2)-I =T *. J • 
j=J 
By (1.6) and (3.1), we obtain 
2 ilk 22,,., 
21/k 1 -Ck<x<-Ax+B+I<-3  [I jzJ-'=(P(t). 
- -  j= l  
A simple calculation ow completes the proof of Theorem 2. [] 
4. We can prove that the Erd6s conjecture is correct for odd k by only using 
congruences mod 2 v, thus in another way than in [6]. Let k be odd (n be even). 
If 2Ix then we have that 
4Pn(x) 
nX 2 
is 2-integral and 
4Pn(x) 
nx 2 =-- 1 (mod 2). 
Therefore P,,(x)-~O for 2Ix and if 2~(x then we get 
(4.1) ord2 Pn(x+ 1)=ord2 n+2 ord 2 (x+ 1) -2 .  
On the other hand, if Pn(x)= 0 then we have from the obvious equality 
Pn(x + 1) = Pn(x) + 2nx ~- 1 _ n(x + 1) n- 
that 
ord 2 Pn(x+ 1)=ord 2 n+ 1. 
Hence and from (4.1) we obtain 
2 ord a (x+ 1)=3. 
This is impossible, since ord 2 (x+ 1) is an integer. 
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Pro f .  A.  Schinzel  has not iced that it is imposs ib le  to prove  the Erd6s  con-  
jecture for even k on ly  with congruences  mod 2 v. I f  k is even (n is odd)  then 
and 
2Pn(1)-2Bn(1)-2n=-O (mod 2), 
2P£(1)-n2Bn_l(1)-2n(n- 1) -  1 (mod 2). 
There fore  by Hense l ' s  lemma the equat ion  
2Pn (x) = 0 
has a so lut ion x0 ~ 72, x0 -  1 (mod 2). 
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